Abstract. In this paper, we present necessary and sufficient conditions for some types of linear combination of frame elements (wave packet) to be a frame for L 2 (K), where K is a local field of positive characteristic.
Introduction
Let H be a separable real or complex Hilbert space (finite or infinite dimensional) with inner product ., . . A countable sequence {f k } k∈I ⊂ H is called a frame (or Hilbert frame) for H if, there exist constants 0 < A ≤ B < ∞ such that
fields of positive characteristic. In this paper discuss some frame properties of wave packet system which is natural generalization of wavelets over local fields of positive characteristic.
1.1. Background on Local Fields: Let K be a field and a topological space. Then K is called a locally compact field or a local field if both K + and K − are locally compact abelian groups, where K + and K − denote the additive and multiplicative groups of K, respectively. Any field endowed with the discrete topology is a local field. The only connected local fields are R and C. Disconnected local fields are, in fact, totally disconnected. Every local field comes equipped with a canonical absolute value which defines its topology. Let dx be the Haar measure for K + . For any non-zero α ∈ K, d(αx) is also a Haar measure. Let d(αx) = |α|dx. We say that |α| is the absolute value or valuation of |α|.
The map x → |x| has the following properties:
(i) |x| = 0 if and only if x = 0.
(ii) |xy| = |x||y| for all x, y ∈ K.
(iii) |x + y| ≤ max{|x|, |y|} for all x, y ∈ K.
Note that |x + y| = max{|x|, |y|}, if |x| = |y|. The set D = {x : |x| ≤ 1} is called the ring of integers in K. It is the unique maximal compact subring of K. The set B = {x : |x| < 1} is called the prime ideal in K. Note that the prime ideal in K is the unique maximal ideal in D. It is principal and prime. The set of values |x| as x varies over K is a discrete set of the form {s k : k ∈ Z} ∪ {0} for some s > 0. So there is an element of B of maximal absolute value. A prime element of K an element of maximum absolute value in B. The ring of integers D is compact and open, so B is compact and open. Therefore, the residue space D/B is isomorphic to a finite field GF (q), where q = p c for some prime p and c ∈ N. If K is a local field, then there is a nontrivial, unitary, continuous character χ on K + . It can be proved that K + is self dual. Let χ be a fixed character on K + that is trivial on D but is nontrivial on B −1 . We can find such a character by starting with any nontrivial character and rescaling. We will define such a character for a local field of positive characteristic. For y ∈ K, define χ y (x) = χ(yx), x ∈ K.
Let E be a measurable subset of K and let |E| = K 1 E (x), where 1 E is the characteristic function of E and dx is the Haar measure of K normalized so that |D| = 1. Then, |B| = q −1 and |p| = q −1 . Therefore, if x = 0 and x ∈ K, then |x| = q k for some k ∈ Z. To impose a natural order on the sequence {u(n)} ∞ n=0 , first we note that ∆ = D/B ∼ = GF (q) and and GF (q) is a c-dimensional vector space over the field GF (p). Therefore, we can find a set
Then, {u(n) : n = 0, 1, ...., q − 1} is a complete set of coset representatives of D in B −1 . For a non-negative integer n we write
and define
The function u(.) in general, not additive. But, for all r ≥ 0, k ≥ 0 and 0 ≤ s ≤ q k − 1, we have
where {1 = ǫ 0 , ǫ 1 , ǫ 2 , ....ǫ c−1 } be same as above.
Note that χ is trivial on D but nontrivial on
as the dilation (note that |p −1 | = q). Furthermore, {u(n) : n ∈ N 0 } is a complete list of distinct coset representatives of D in K, the set {u(n) : n ∈ N 0 } can be treated as the translation set. Next, we recall operators which are used in wave packet system. Let a, b ∈ K. Define operators
As in case of standard wavelet and Gabor analysis these three class of operators play an important role in local field setting. For any f ∈ L 2 (K), we have
1.2. Wave Packet System over local fields: The wave packet system over local field of positive characteristic is natural generalization of wavelet structure on local fields. Let ψ ∈ L 2 (K). A system 
( 1.2) 1.3. Motivation for the work. In his paper [1] , an approach to determine all frames for separable Hilbert spaces is discussed. More precisely, starting from a frame {f k } ∞ k=1 for a separable Hilbert space H, Aldroubi considered the question: "which conditions on the scalars {u l,k } ∞ k=1 will imply that the vectors
are well defined and constitute a frame for H? Note that by the frame decomposition, it is clear that all frames for H can be constructed this way. Aldroubi proved necessary and sufficient conditions for {φ l } ∞ l=1 to be a frame for H (including in terms of boundedness of the operator
on ℓ 2 (N)).
Kaushik, Singh and Virender [28] introduced the notion of W H packets with respect to a Gabor system {E mb T na ψ} m,n∈Z , (ψ ∈ L 2 (R)), which is defined by a linear commination of the form
where r,s∈Z I r,s = Z × Z, I r,s I r ′ ,s ′ = ∅, (r, s) = (r ′ , s ′ ), for all r, s, r ′ , s ′ ∈ Z and α j,k are scalars. They proved necessary and sufficient conditions for W H packets {ψ r,s } r,s∈Z to be frame for L 2 (R). This idea of linear combination given in (1.4) was extended to wave packet setting in [33] , where some similar results (given in [28] ) are proved. In this paper, we discuss some frame properties of linear combination of wave packet system over local field of positive characteristic.
Outline of the paper. Let
, for all r, s, t, r ′ , s ′ , t ′ ∈ Z× N 0 × N 0 and α j,k,m are scalars. Then, in general, ψ r,s,t (r, s, t ∈ Z× N 0 × N 0 ) does not constitute a frame for L 2 (R) (even not well defined). We present some necessary and sufficient conditions for L(ψ) ≡ {ψ r,s,t } r,s,t∈Z×N0×N0 to be a frame for L 2 (K).
Necessary and Sufficient Conditions
The first result extends [28, Theorem 3.5].
Then, L(ψ) is a frame for L 2 (K) if and only if
Proof. Similar to proof of [33, Theorem 2.4].
The following theorem provided sufficient conditions on scalars which appear in L(ψ), to a frame for L 2 (K). This generalizes [28, Theorem 3.4] in wave packet setting.
|I r,s,t | < ∞, and {α j,k,m } is positively confined sequence and inf r,s,t∈Z×N0×N0
Proof. Similar to proof of [33, Theorem 2.5].
Aldroubi proved sufficient conditions on scalars in his linear combination of frame vectors. This result was extended to wave packet setting in [33, Theorem 2.6 ]. This following theorem gives sufficient conditions on the scalars which similar to standard frames [11, Proposition 5.5.8] to wave packet frames on local fields. Theorem 2.3. Suppose that W(ψ) is a frame for L 2 (K) with frame bounds A, B and for a fix s ∈ Z, let {α s,j,k,m } j,k,m∈Z×N0×N0 be a square summable sequence. If
Then, the vectors
Proof. Similar to proof of [33, Theorem 2.6] .
It is well known that the finite sum of frames need not be a frame for the underlying space. Kaushik et al. [28] proved necessary and sufficient conditions for finite sum of Gabor frames. Similar results for finite sum of in wave packet setting can be found in [33] . The following result extends [28, 
where α 1 , α 2 , ...., α n are scalars.
Proof. Similar to proof of [33, Theorem 2.9].
The following theorem extends [28, Theorem 4.3] .
Theorem 2.5. Let W(ψ l ) : l = 1, 2, ....n be a finite family wave packet frames for L 2 (K) with frame bounds A l , B l (1 ≤ l ≤ n). Let α1, α 2 , ...., α l be positive scalars. Then,
This gives upper frame inequality. By hypothesis (2.1), we can show that 
